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A GENERALIZED PALAIS-SMALE CONDITION IN THE FRE´CHET
SPACE SETTING
KAVEH EFTEKHARINASAB
In memory of Vladimir Sharko
Abstract. We extend the Palais-Smale condition to the cases of C1-functionals on Fre´chet
spaces and Fre´chet-Finsler manifolds of class C1. In these contexts we use the introduced
conditions along with Ekeland’s variational principle to obtain some customary results con-
cerning the existence of minima.
1. Introduction
The Palais-Smale condition is an essential tool for critical point theory in infinite dimen-
sional spaces. Since it was established by Palais and Smale [8], a number of its generalizations
for various categories of maps have been introduced (cf. [6] for a survey). The Palais-Smale
type conditions have been applied to numerous problems in critical points theory and its
applications to various problems in differential equations, geometry and physics (see [6]).
In this paper we generalize the Palais-Smale condition to the cases of C1-functionals on
Fre´chet spaces and Fre´chet-Finsler manifolds of class C1. It is instantly noticed that due
to the weak structural constraints of Fre´chet spaces, applications of the conditions are too
restrictive. It is well known that some of the basic tools for locating critical points of C1-
functionals are the deformation lemmas. The deformations that appear in the deformation
lemmas are obtained as solutions of Cauchy problems. But on Fre´chet spaces, an ordinary
differential equation may admit no, one or multiple solutions for the same initial condition.
Thus, we can not get deformation results for Fre´chet spaces in general. However, we can still
use the introduced conditions along with Ekeland’s variational principle to locate critical
points. We then apply them and the works of Ekeland [2] and Qui [9] to state some standard
results dealing with the existence of minima.
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22. Prerequisites
We use the following notion of Ck-maps in Michal-Bastiani sense. We shall work in the
category of manifolds of class at least C1.
Definition 2.1. Let E and F be Fre´chet spaces, U Ď E open and f : U Ñ F a continuous
map. The derivative of f at x P U in the direction of h P E is defined as
d fpxqphq – lim
tÑ0
1
t
pfpx` htq ´ fpxqq
whenever the limit exits. The map f is called differentiable at x if d fpxqphq exists for all
h P E. It is called a C1-map if it is differentiable at all points of U and
d f : U ˆ E Ñ F, px, hq ÞÑ d fpxqphq
is a continuous map. The map f is called a Ck-map, k ě 2, if it is continuous, the higher
directional derivatives
dk fpxqph1, ¨ ¨ ¨ , hkq – lim
tÑ0
1
t
pdk´1 fpx` hktqph1, ¨ ¨ ¨ , hk´1q ´ dk´1 fpxqph1, ¨ ¨ ¨ , hk´1qq
exist for all integers j ő k, x P U and h1, ¨ ¨ ¨ , hj P E, and all maps
dj f : U ˆ Ej Ñ F, px, h1, ¨ ¨ ¨ , hjq ÞÑ dj fpxqph1, ¨ ¨ ¨ , hjq
are continuous. We say that f is smooth or C8 if it is Ck for all k P N.
Within this framework most of the notions of the theory of infinite dimensional manifolds
are sufficiently well behaved for our purposes. In particular, Fre´chet manifolds, Fre´chet
tangent bundles and Ck-maps between Fre´chet manifolds are defined in obvious way (cf. [3]).
However, for a Fre´chet manifold M modelled on a Fre´chet space F we can define the set-
theoretic cotangent bundle T 1M –
Ť
mPM pTmMq1, where pTmMq1 is the dual of a tangent
space TmM . As a set, it carries a natural structure of a vector bundle over M , but in
general there is no vector topology on F 1, the dual of F , that can lead to the identification
T 1M – F ˆ F 1, see [7, Remark I.3.9]. Thus instead, we use the notion of a B-cotangent
bundle [10]. In this definition to put a manifold structure on T 1M , the dual of F is equipped
by a B-topology, where B is a bornology on F . To be precise, we recall that a family B of
bounded subsets of F that covers F is called a bornology on F if it is directed upwards by
inclusion and if for every B P B and r P R there is a C P B such that r ¨B Ă C.
Let E be a Fre´chet space, B a bornology on E and LBpE, F q the space of all linear
continuous maps from E to F . The B-topology on LBpE, F q is a Hausdorff locally convex
topology defined by all seminorms obtained as follows:
PnBpLq – suptpnpLpeqq | e P Bu, (2.1)
3where B P B and tpnunPN is a family of seminorms defining the topology of F . One similarly
may define Lk
B
pE, F q andŹk LBpE,Rq, the space of k-linear jointly continuous maps of Ek to
F and the space of anti-symmetric k-linear jointly continuous maps of Ek to R, respectively.
If B contains all compact sets, then the B-topology on the space LBpE,Rq “ E 1B of all
continuous linear functional on E, the dual of E, is the topology of compact convergence.
For this and further details on bornologies we refer to [4].
If B contains all compact sets of E, then Lk
B
pE,Ll
B
pE, F qq is canonically isomorphic to
Ll`k
B
pE, F q as a topological vector space, see [5, Theorem 0.1.3]. In particular, L2
B
pE,Rq “
L2
B
pEq – LBpE,E 1Bq. Under the above condition on B, we define the differentiability of class
Ck
B
: Let U Ă E be open, a map f : U Ñ F is called C1
B
if its partial derivatives exist and
the induced map d f : U Ñ LBpE, F q is continuous. Similarly we can define maps of class
Ck
B
, k P N Y t8u, see [5, Definition 2.5.0]. A map f : U Ñ F is Ck
B
, k ŕ 1, if and only if
f is Ck in the sense of Definition (2.1), see [5, Theorem 2.7.0 and Corollary 1.0.4 (2)]. In
particular, f is C8
B
if and only in f is C8. Thus, if f at x P E is C1 and hence C1
B
, the
derivative f at x, d fpxq, is an element of E 1
B
, and we shall denote d fpxq evaluated at h P E
by d fpxqphq.
Assume that B is a bornology on F containing all compact sets andM is a Fre´chet manifold
modelled on F . Let f be a functional defined over M . The derivative of f at x PM can be
written in terms of the iterated tangent bundles of M and we can consider d f : TM Ñ R
given by d fpx, hq “ d fpxqphq upon locally identifying TM with U ˆF , where U is an open
set in F . Therefore, if at x PM a map f : M Ñ R is C1 and hence C1
B
, then d fpxq belongs
to LBpTxM,Rq “ pTxMq1B.
Definition 2.2. Let M be a Fre´chet manifold modelled on a Fre´chet space F and B a
bornology on F . The B-cotangent bundle of M is defined as TM 1
B
–
Ť
xPMpTxMq1B and the
k-exterior product of the B-cotangent bundle as
Źk
TM 1
B
–
Ť
xPM
ŹkpTxMq1B.
If B is chosen such that T pBq Ă B for all continuous linear endomorphisms T of F , thenŹk
TM 1
B
is a vector bundle in the category of locally convex spaces with the local model
F ˆŹk F 1
B
. In particular, TM 1
B
is a vector bundle in the category of locally convex spaces
with the local model F ˆ F 1
B
, see [10, Remark (1), p. 339].
3. The Palais-Smale condition
A Finsler structure for a Fre´chet manifold M in the sense of Palais was defined in [1]. We
now define a Finsler structure on its B-cotangent bundle.
4Henceforth, we always assume that a bornology B on a Fre´chet space F contains all com-
pact sets and we always chose B such that T pBq Ă B for all continuous linear endomorphisms
T of F whenever we define the B-cotangent bundle of a manifold M modelled on F .
Definition 3.1. Let M be a Ck Fre´chet manifold modelled on a Fre´chet space F , where
k P N Y t8u. A Finsler structure for M is a collection of functions ‖ ¨ ‖nM : TM Ñ R`,
n P N, on its tangent bundle TM such that
(1) For every x PM , ‖ ¨ ‖nx–‖ ¨ ‖nM |TxM : TxM Ñ R` is a collection of seminorms on the
tangent space TxM such that for every chart ϕ : U Ñ F with x P U , the collection of
seminorms v P F ÞÑ‖ dϕ´1pϕpxqqpvq ‖x generates the topology of F .
(2) Given K ą 1, x0 P M and a chart ϕ : U Ñ F with x0 P U , there exists an open
neighborhood U of x0 in U such that
1
K
‖ dϕ´1pϕpx0qqpvq ‖nx0 ő ‖ dϕ´1pϕpxqqpvq ‖nx ő K ‖ dϕ´1pϕpx0qqpvq ‖nx0
for all x P U , n P N, v P F .
If t‖ ¨ ‖nunPN is a Finsler structure on TM then eventually we can obtain a graded Finsler
structure, denoted by p‖ ¨ ‖nqnPN, on TM . A Fre´chet manifold M is called Fre´chet-Finsler if
its tangent bundle TM admits a Finsler structure. If a Fre´chet manifold M is paracompact
and its model space F is such that all seminorms defining the topology of F are smooth
maps on F zt0u, then TM admits a Finsler structure ([1, Proposition 4]).
Let M be a connected Fre´chet-Finsler manifold endowed with a graded Finsler structure
p‖ ¨ ‖nqnPN. For all n P N, define dnpx, yq “ infγ Lnpγq, where infimum is taken over all
C1-curve γ : ra, bs ÑM such that γpaq “ x, γpbq “ y and
Lnpγq “
ż b
a
‖ pγ1ptqq ‖nγptq dt.
Therefore, we obtain an increasing sequence of pseudometric pdnpx, yqqnPN. Define
ρpx, yq “
n“8ÿ
n“1
1
2n
dnpx, yq
1` dnpx, yq . (3.1)
This is a metric, called the Finsler metric, consistent with the original topology of M ([1]).
In the sequel, we say that M is complete if M is complete with respect to this metric. We
say that ρ is locally compatible if for each p P M there exist a chart pp P U, ϕq and constants
α, β such that for all n P N and x, y P U
αρpx, yq ő pnpϕpxq ´ ϕpyqq ő βρpx, yq,
where tpnunPN is a family of seminorms defining the topology of F .
5The B-cotangent bundle TM 1
B
of M carries a natural Finsler structure, denoted again by
t‖ ¨ ‖nunPN, characterized by letting
‖ w ‖nx“ supt|ă w, v ą|; v P TxM, ‖ v ‖nx“ 1u,
where x P M , w P pTxMq1B and ă ¨, ¨ ą is the duality pairing between TxM and pTxMq1B
which is separately continuous. Consequently, for a C1-functional f : M Ñ R the mappings
‖ d f ‖nx: M Ñ R given by x ÞÑ‖ d fpxq ‖nx are well defined and continuous for all n P N. We
shall omit the index x in ‖ d fpxq ‖nx and denote it just by ‖ d fpxq ‖n.
Definition 3.2. Let F be a Fre´chet space, B a bornology on F and F 1
B
the dual of F equipped
with the B-topology. Let f : F Ñ R be a C1-functional.
(i) We say that f satisfies the Palais-Smale condition, pPSq in short, if each sequence
pxiq Ă F such that fpxiq is bounded and
d fpxiq Ñ 0 in F 1B,
has a convergent subsequence.
(ii) We say that f satisfies the Palais-Smale condition at level c P R, pPSqc in short, if
each sequence pxiq Ă F such that
fpxiq Ñ c and d fpxiq Ñ 0 in F 1B,
has a convergent subsequence.
Definition 3.3. Let M be a connected Fre´chet-Finsler manifold endowed with a Finsler
structure t‖ ¨ ‖nunPN and the corresponding Finsler metric ρ. Let f : M Ñ R be a C1-
functional.
(i) We say that f satisfies the Palais-Smale condition, pPSq in short, if for all n P N each
sequence pxiq ĂM such that fpxiq is bounded and ‖ d fpxiq ‖nÑ 0, has a convergent
subsequence.
(ii) We say that f satisfies the Palais-Smale condition at level c P R, pPSqc in short, if
for all n P N each sequence pxiq Ă M such that fpxiq Ñ c and ‖ d fpxiq ‖nÑ 0, has
a convergent subsequence.
Let f be a C1-functional on a Fre´chet space (or a Fre´chet-Finsler manifold). As usual, a
point p in the domain of f is said to be a critical point of f if d fppq “ 0, the corresponding
value c “ fppq will be called a critical value. We use the following standard notation:
Kc – tp PM | fppq “ c, d fppq “ 0u.
64. Existence of minima
Consider the following particular version of Ekeland’s variational principle (cf. [2]).
Theorem 4.1. Let pX, σq be a complete metric space. Let a functional f : X Ñ p´8,8s be
semi-continuous, bounded from below and not identical to `8. Let a ą 1, b ą 0 and x P X
be given such that fpxq ő infX f ` a. Then there exists xa PM such that
(1) fpxaq ő fpxq,
(2) σpxa, xq ő 1
b
,
(3) fpxaq ă fpxq ` abσpx, xaq, @x ‰ xa PM .
When X is a complete Fre´chet-Finsler manifold and f is of class C1, we have the following:
Theorem 4.2. Let M be a connected complete Fre´chet-Finsler manifold of class C1 endowed
with a Finsler structure t‖ ¨ ‖nunPN and the corresponding Finsler metric ρ which is locally
compatible. Let a C1-functional f : M Ñ R be bounded from below. Then, for each θ ą 1
and each m P M such that fpmq ő infM f ` θ2, there exist mθ P M and a constant εθ such
that
(1) fpmθq ő fpmq,
(2) ρpmθ, mq ő θ,
(3) ‖ d fpmθq ‖nő εθ, @n P N.
Proof. Given θ ą 1, apply Theorem 4.1 with b “ 1
θ
to find mθ P M such that (1) and (2)
hold and
fpxq ą fpmθq ´ θρpmθ, xq, @x ‰ mθ PM. (4.1)
Since ρ is locally compatible there exist a chart ϕ : U Ñ F with mθ P U (F is the local
model of M) and constants α, β such that for all n P N and x, y P U
αρpx, yq ő pnpϕpxq ´ ϕpyqq ő βρpx, yq, (4.2)
where tpnunPN is a family of seminorms defining the topology of F . Let h P ϕpUq and t ą 0
be such that ϕ´1pϕpmaq ` thq P U . Therefore, by (4.1)
fpϕ´1pϕpmθqqq ´ fpϕ´1pϕpmθq ` thqq ă θρpmθ, ϕ´1pϕpmθq ` thqq.
Hence, for all n P N
fpϕ´1pϕpmθqqq ´ fpϕ´1pϕpmθq ` thqq ă θ
α
pnpϕpmθq ´ pϕpmθq ` thqq “ θ
α
pnphqt
ă θ
α
βρpmθ, ϕ´1pϕpmθq ` thqqt ă θ
2
α
βt (4.3)
7Define a C1-curve γ : r0, t0s Ñ M by γptq “ ϕ´1pϕpmθq ` thq such that γpr0, t0sq Ă U and
let εθ “ θ
2
α
β. By dividing both side in (4.3) by t and letting tÑ 0, we obtain
d fpmθqphq “ d
dt
pf ˝ γq |t“0 ě ´εθ.
Changing h with ´h gives d fpmθqphq ő εθ, thereby for all n P N
‖ d fpmθq ‖nő sup
piphq“1,@iPN
d fpmθqphq ő εθ.

Corollary 4.1. Let M and f be as in Theorem 4.2. If pPSqc holds with c “ infM f , then f
attains its minimum at a point in Kc.
Proof. According to Theorem 4.2, if for each i P N we let θ2 “ 1
i
, then there exists xi P M
such that
fpxiq ő c` 1
i
, ‖ d fpxiq ‖nő β
iα
, @n P N.
Therefore, fpxiq Ñ c and ‖ d fpxiq ‖nÑ 0 for all n P N. Since f satisfies pPSqc it follows
that there exists a convergent subsequence xij Ñ x0. Hence, fpx0q “ c “ infM f and
d fpx0q “ 0. 
The similar results can be obtained in the case of Fre´chet spaces by means of the following
Ekeland’s variational principle for Fre´chet spaces.
Theorem 4.3 ([9], Corollary 2.1). Let F be a Fre´chet space with topology generated by an
increasing sequence p1p¨q ő p2p¨q ő ¨ ¨ ¨ of seminorms. Let a functional f : F Ñ p´8,8s
be semi-continuous, bounded from below and not identical to `8. Let η ą 0 and x0 P F be
given such that fpx0q ő infF f ` η, and let pλnqnPN be a sequence of positive real numbers.
Then for any i P N, there exists z P F such that
(1) λjpjpz ´ x0q ő fpx0q ´ fpzq for j “ 1, ¨ ¨ ¨ , i;
(2) pjpz ´ x0q ă η
λj
for j “ 1, ¨ ¨ ¨ , i;
(3) for any x P F, x ‰ z, there exists m P N such that
λmpmpx´ zq ` fpxq ą fpzq,
or equivalently, supn λnpnpx´ zq ` fpxq ą fpzq for any x P F, x ‰ z.
Theorem 4.4. Let F be a Fre´chet space with topology generated by an increasing sequence
p1p¨q ő p2p¨q ő ¨ ¨ ¨ of seminorms. Let B a bornology on F and tPnBunPN the family of
seminorms pdefined as in (2.1)q that generates the topology of F 1
B
. Let a C1-functional f :
F Ñ R be bounded from below. Then, for each ε ą 0, i P N, x P F such that fpxq ő infF f`ε,
there exists z P F such that
8(1) pjpz ´ x0q ő fpx0q ´ fpzq?
ε
for j “ 1, ¨ ¨ ¨ , i;
(2) pjpz ´ x0q ă
?
ε for j “ 1, ¨ ¨ ¨ , i;
(3) PnBpd fpzqq ő
?
ε, @n P N, B P B.
Proof. Given ε ą 0 and i P N, apply Theorem 4.3 with λj “
?
ε for all j P N and η “ ε to
find m P N and z P F such that (1) and (2) hold and
fpxq ą fpzq ´ ?εpmpx´ zq, @x ‰ z P F. (4.4)
By applying (4.4) to x “ z ` th with t ą 0 and h P F , we obtain
fpz ` thq ´ fpzq ą ´?εpmphqt.
Dividing both side by t and letting t Ñ 0 yields d fpzqphq ą ´?εpmphq for all h P F .
Changing h with ´h gives d fpmθqphq ő
?
εpmphq for all h P F , which means for all n P N
and B P B we have PnBpd fpzqq ő
?
ε . 
Corollary 4.2. Let F and f be as in Theorem 4.4. If pPSqc holds with c “ infF f , then f
attains its minimum at a point in Kc.
Proof. According to Theorem 4.4, if for each i P N we let ε “ 1
i
, then there exists xi P F
such that
fpxiq ő c` 1
i
, PnBpd fpxiqq ő
1?
i
, @n P N, B P N.
Therefore, fpxiq Ñ c and d fpxiq Ñ 0 in F 1B. Since f satisfies pPSqc it follows that there
exists a convergent subsequence xij Ñ x0. Hence, fpx0q “ c “ infM f and d fpx0q “ 0. 
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